
Estimation of singularities of Møller - Plesset perturbation theory

• (Ratio tests of Møller - Plesset perturbation series, refining ratio tests)

• Branch points of quadratic approximants

• Quadratic approximants of 2nd kind and their branch points

• Complete spectrum and avoided-crossings

• Discussion for CH2 and Ne, comparison with Olsen

• Discussion for He, comparison with Stillinger

• Discussion for BH, dependence on bond stretching

I. ESTIMATION OF RADIUS OF CONVERGENCE FROM MP4

The Møller - Plesset perturbation series is

E(z) = E0 + E1z + E2z
2 + E3z

3 + E4z
4 + . . . , (1)

where E0 is the sum of Hartree - Fock orbital energies, E1 is the Hartree - Fock approximation

MP1 minus E0, and En for n ≥ 2 are defined as MPn−MP(n− 1). The sum

Ecorr(z) =
N∑

n=2

Enz
n (2)

represents correlation energy.

In this section, we discuss several methods of estimation of singularities of the function

E(z) which are obviously the same as singularities of the correlation energy Ecorr(z). Since

MP4 approximation is feasible, we assume here that coefficients E0, E1, E2, E3, E4 are

known.

A. Fitting to an eigenvalue of 2x2 matrix M0 + zM1

We consider an eigenvalue problem for 2x2 matrix M0 + zM1 where M0 and M1 are

symmetric matrixes. In a basis set of eigenvectors of M0, the problem reduces to finding of
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eigenvalues of the matrix

M(z) =

a0 + za1 zc1

zc1 b0 + zb1

 . (3)

We assume that the eigenvectors of the matrix M0 forming the basis are sorted according to

magnitudes of corresponding eigenvalues, i.e. a0 < b0. Here we also exclude a special case

of degeneracy at z = 0 when a0 = b0.

The matrix (3) has two eigenvalues,

f1,2(z) = a0 + b0 + a1z + b1z ∓[
(a0 + b0 + a1z + b1z)2 − 4(a0 + a1z)(b0 + b1z) + 4c2

1z
2
]1/2

. (4)

The eigenvalue f1(z) corresponding to the ground state at z = 0 has a following power series

expansion

f1(z) = a0 + a1z −
c2
1

b0 − a0

z2 +
c2
1(b1 − a1)

(b0 − a0)2
z3 +

c2
1 [c2

1 − (b1 − a1)
2]

(b0 − a0)3
z4 + . . . . (5)

If we set

a0 = E0, a1 = E1 (6)

then the eigenvalue f1(z), equation (5), reproduces Møller - Plesset perturbation series up

to the first order. Remaining three parameters b0, b1, c1 could be fit in order to make it

reproduce Møller - Plesset perturbation series up to the fourth order E0 + E1z + E2z
2 +

E3z
3 + E4z

4.

b0 = E0 +
E2

2

D2
, b1 = E1 +

E2
2E3

D2
, c1 = ±E2

2

iD
(7)

where D = (E2
3−E2E4)

1/2. Both eigenvalues of M(z) have a pair of square-root singularities

z1,2 given by equation (25) in subsection IB.

In order to derive (7), we use an equation Det(M(z) − E(z)I) = 0 where I is identity

matrix to find equation for E(z). Here we make substitution E(z) = E0 + E1z + Ẽcorr(z)

and obtain a quadratic equation for the function Ẽcorr,∣∣∣∣∣∣ −Ẽcorr c1z

c1z b′0 + b′1z − Ẽcorr

∣∣∣∣∣∣ = Ẽ2
corr + B(z)Ẽcorr + C(z) = 0, (8)

where

B(z) = −b′0 − b′1z, C(z) = −c2
1z

2 (9)
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and b′0 = b0 − E0, b′1 = b1 − E1. If we require Ẽcorr(z)− Ecorr(z) = o(z4), then as it follows

from (equation (8)),

E2
corr + B(z)Ecorr + C(z) = o(z4). (10)

In equation (10), we consider a linear function B(z) and a quadratic function C(z) as

unknown polynomials, with 3 unknown coefficients. It is in fact the same construction

as [2, 1, 0] quadratic approximant [1–3]. Coefficients of these polynomials are determined

uniquely from a set of linear equations,

B(z) = D−2E2
2(E3z − 1), C(z) = D−2E4

2z
2. (11)

Finally, comparing equations (9) and (11) we find the matrix elements (7).

By substitution of equations (6) and (7) into equation (4) we find

f1,2(z) = 2E0+
E2

2

D2
+

(
2E1 +

E2
2

D2
E3

)
z∓E2

D

(
z − E2

E3 + 2iD

)1/2 (
z − E2

E3 − 2iD

)1/2

. (12)

The function (12) has two singularities

z1,2(z) = E2/(E3 ± 2iD). (13)

The prefactor |E2/D| may be considered as a cumulative weight of the singular term in

equation (12).

The same final approximation (12) could be derived by other two different approaches.

(1) Let us consider a model

f(z) = a + bz + c(z − z1)
1/2(z − z2)

1/2, (14)

where a, b, c, z1 and z2 are parameters of the model. By straightforward calculation we

proved that these 5 parameters could be chosen to make an expansion of the function

(14) the same as Møller - Plesset perturbation series up to the fourth order. These fitted

parameters are as follows

a = 2E0 +
E2

2

D2
, b = 2E1 +

E2
2

D2
E3, c =

E2

D
, z1,2 =

E2

E3 ± 2iD
. (15)

Obviously equation (14) with parameters given by equation (15) is equivalent to equa-

tion (12).
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(2) [2, 1, 0] quadratic approximant to the function E(z) is defined as a solution of the

quadratic equation

f 2 + B(z)f + C(z) = 0, (16)

where B(z) is a linear function and C(z) is a quadratic polynomial satisfying equation

E(z)2 + B(z)E(z) + C(z) = o(z4), (17)

Since B(z) and C(z) are described respectively through 2 and 3 coefficients, we have 5 linear

equations involving these 5 coefficients. By solving these equation, it is straightforward to

find

B(z) = −2E0−
E2

2

D2
−

(
2E1 +

E2
2

D2
E3

)
z, C(z) = (E0+E1z)2−B(z)(E0+E1z)+

E4
2

D2
z2. (18)

Since equation (18) is equivalent to an equation Det(M(z)− f(z)I) = 0, then the function

f is the same as (12).

B. [1, 1, 1] quadratic approximant

It is worth mentioning that an algebraic approximant of a sufficiently large order, namely

[M, M − 1, M − 2, . . . , 1, 0] as defined in [1–3] is identical to the exact function E(z) if M is

larger or equal to the number of Slater determinants in the expansion of FCI wavefunction

which is the same as size of the FCI matrix. Since M is extremely large, use of this ap-

proximant is impractical. In the previous subsection I A we try to approximate E(z) by the

lowest eigenvalue of an idealized 2x2 matrix model which is equivalent to [2, 1, 0] quadratic

approximant. This method requires knowledge of Møller - Plesset perturbation series only

up to MP4.

In the present subsection, we firstly mention that [2, 1, 0] approximant to the function

E(z) is the same as the ”diagonal” approximant [1, 1, 1] to the function Ec(z) (see equa-

tion (20) below) which expansion coefficients represent quantities that are usually reported

in literature. It is in fact a special approximant with a constraint A(0) = 0. By removing

this special constraint, we arrive to a more general kind of [1, 1, 1] approximant parametrized

by one parameter, λ. We consider several possible choices of the parameter λ and compare

accuracy of corresponding estimations of zc. Finally, we show that the method is equivalent
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to Feenberg transformation of the Møller - Plesset perturbation series and subsequent use

of [1, 1, 0] to the function Ec(z).

We consider a function

Ec(z) = MP1 +
∞∑

n=2

[MPn−MP(n− 1)] zn, (19)

which is composed from quantities MP1, MP2 etc. usually reported in literature. In terms

of coefficients E0, E1 etc. equation (19) is rewritten as

Ec(z) = E0 + E1 +
∞∑

n=2

Enz
n, (20)

We use a subscript c to distinguish this function from the function E(z) defined by Møller

- Plesset perturbation series E0 + E1z + E2z
2 + E3z

3 + . . .. Obviously, E(1) = Ec(1). More

generally, E(z) = E0+z(Ec(z)−E0), which particularly means that singularities of functions

E(z) and Ec(z) are the same.

Since it is known that diagonal Padé approximants i.e. approximants [M/N ] with indexes

M = N are the most accurate [4], we expect that generalized quadratic approximants with

equal indexes are the most accurate too. The lowest order quadratic approximant with equal

indexes is [1, 1, 1] which is defined as a solution of the quadratic equation

A(z)f 2 + B(z)f + C(z) = 0, (21)

where A(z), B(z), C(z) are linear functions. Let us define a function φ(z) so that f(z) =

E0 + E1 + E2φ(z). This function is an approximation to the function ε(z) defined through

equation E(z) = E0 + E1 + E2ε(z). The function φ satisfies equation

A′(z)φ2 + B′(z)φ + C ′(z) = 0, (22)

where A′(z) = E2
2A(z), B′(z) = E2B(z) + 2E2(E0 + E1), C ′(z) = C(z) + (E0 + E1)

2. If

A′(z), B′(z), C ′(z) are linear functions, then A(z), B(z), C(z) are linear functions too. As

a consequence, it is sufficient to find the approximant [1, 1, 1] for the function ε(z) from

equation (22) in order to find [1, 1, 1] for the function E(z), f(z) = E0 + E1 + E2φ(z).

The function ε(z) has an expansion ε(z) ∼ z + αz2 + βz3 + . . . where α = E3/E2 and

β = E4/E2. By substitution of this expansion into equation (22) and demanding that

A′(z)ε2 + B′(z)ε + C ′(z) = o(z3) we obtain 4 equations for coefficients of linear functions
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TABLE I. Results of using different choices of the parameter λ and correspond-
ing µ (these parameters are related by equation λ−1 + µ−1 = 1) in equation (23)

No. λ µ Approximation

1 0 0 [1, 1, 0] QPA

2 1 ∞ [1, 1, 1] QPA with constraint A(0) = 0

3 ∞ 1 [1, 1, 1] QPA with constraint A(1) = 0

4 E3
E3−E2

E3
E2

[1/1] PA

5 2E2
3−E2E4

2E2
3−E2E4−E2E3

2E3
E2
− E4

E3
[1, 0, 1] QPA

6 arbitrary λ
λ−1 [1, 1, 0] QPA applied to Feenberg transformation of the series

A′(z), B′(z), C ′(z). Since solution of equation (22) remains the same after multiplying

A′(z), B′(z), C ′(z) by a common factor, we could choose one of coefficients arbitrary. Here,

we choose a0 = A′(0) = 1. Since 4 equations are not enough to find 5 remaining coefficients,

we set a1 = dA′/dz(0) to an arbitrary parameter (−µ). Now, it is straightforward to find

that

A′(z) = 1− µz, B′(z) = −γ[µ− α + (2α2 − β − αµ)z], C ′(z) = γ(µ− α)z, (23)

where γ = −(β − α2)−1. It is convenient to express µ through another parameter λ accord-

ing to equation µ = −λ/(1 − λ). If λ = 0 then µ = 0, and we arrive to [1, 1, 0] quadratic

approximant, since in this case the polynomial A′(z) is a constant. If λ = 1 then µ = ∞,

and we arrive to [1, 1, 1] quadratic approximant with an additional constraint A′(0) = 0.

If λ = ∞ then µ = 1, and we arrive to [1, 1, 1] quadratic approximant with an additional

constraint A′(1) = 0. And finally, for arbitrary λ, it is straightforward to proof that equa-

tion (22) defines [1, 1, 0] quadratic approximant for Feenberg transformation of the Møller -

Plesset perturbation series expressed in terms of the untransformed function, see Appendix.

Different possible choices of the parameter λ are summarized in Table I. Extra two choices

(No. 4 and No. 5) in Table I correspond to the cases when C ′(z) = 0 and B′(z) = const

respectively. The choice No. 4 leads to a linear Padé approximant [1/1] that reproduces

only three series coefficients instead of four available and therefore is less accurate.

Below, we give for reference expressions for singularities of the approximant [1, 1, 1](λ)

for several possible choices of λ. If λ = 0, then

z−1
1,2 = E4/E3 ± 2iD/E2. (24)
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If λ = 1, then

z−1
1,2 = E3/E2 ± 2iD/E2. (25)

It is the same result as approximation by eigenvalues of 2x2 matrix, equation (13).

If λ = ∞, then

z−1
1,2 = (E4 − E3)/(E3 − E2)± 2iD/E2. (26)

For qλ method [5] we have

λ1,2 = 1 +
2E2

E3 − E2

+
E2

E2 − E3 ∓ iD
, (27)

z−1
1,2 =

E3

E2

− 2D2

E2(E3 − E2)
± 3iD

E2

, (28)

and

z1 + z2 =
2E2(E3 − E2)(E3(E2 + E3)− 2E2E4)

9E3
2E4 − 10E4

3 − 2E2
2(E3 + E4)(5E3 + 2E4) + E2E2

3(16E3 + 13E4)
. (29)

And finally, for arbitrary choice of λ

z−1
1,2(λ) = z−1

1,2(1)−
1− λ

E2
2λ + E2E3(1− λ)

D2, (30)

where z−1
1,2(1) is given by equation (25).

C. Comparison of different methods

We compare three methods of finding singularities, quadratic approximant [1, 1, 0] applied

to Feenberg-transformed series (equation (??)), Q-λ method (equation (??)), and fitting by

eigenvalue of 2x2 matrix (equation (25)).

1. Molecule C2 (cc-pVDZ basis set)

Møller - Plesset perturbation series Ec = −75.386− 0.313z + 0.035z2 − 0.073z3 + . . . (in

a. u.) is slowly convergent at z = 1 because of presence of at least two pairs of singularities

1.23± 0.35i and −0.95± 0.33i. These values were determined using higher-order quadratic

approximants, see subsequent section ??. Results of using approximant [1, 1, 0] are shown

in Figure 1
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FIG. 1. Finding singularities of Møller - Plesset perturbation series using MP4.
Curves are singularities as functions of the parameter of Feenberg transformation,
equation (??). Diamonds are results of Q-λ method, equation (??), corresponding to
choice λ = −0.168 and λ = 0.762. Dots are results of fitting by eigenvalue of two-
level system, which is identical to choice of λ = 1, equation (25). Dashed lines show
real parts of accurate estimation of singularities by high-order quadratic approximants

2. Molecule N2 and CN+

These examples resemble Møller - Plesset perturbation series for C2 molecule. Results

of using approximant [1, 1, 0] are shown in Figures 2 and 3 Both z−1
1,2(1) and z−1

1,2(λ1,2),

equations (25) and (??), work equally well for three considered examples.

II. QUADRATIC APPROXIMANTS OF LARGER ORDERS

For some atoms and small molecules, the Møller - Plesset perturbation series expansion

is available up to very high orders that were found by an iterative procedure within FCI

program code [6]. We constructed a sequence of quadratic approximants for the function

Ec(z)

[1, 1, 0], [1, 1, 1], [2, 1, 1], [2, 2, 1], [2, 2, 2], . . . , [6, 6, 6] (31)

which require knowledge of MP20, at most. We found and plotted all singularities of these

approximants. Then, we selected singularities that are the most stable from our subjective
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FIG. 2. The same as Figure 1 but for N2 molecule
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FIG. 3. The same as Figure 1 but for CN+ molecule

point of view. In table II we give for reference results for several examples.
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TABLE II. Singularities of Møller - Plesset perturbation series estimated by finding square-
root singularities of the sequence quadratic approximants (equation (31)). For several exam-
ples we use approximants of less maximum order according to maximum order of MPn avail-
able. For each entry, we list a pair of complex-conjugate singularities in the positive half-
plane and, if available, a real singularity or a complex-conjugate pair in the negative half-plane.

System FCI basis Source of MPn zc

C2 cc-pVDZ [6] −0.95± 0.33i

1.23± 0.35i

N2 cc-pVDZ [6]a −1.31

2.5± 0.4i

CN+ cc-pVDZ [6]b −0.6

1.1± 0.2i

BH aug-cc-pVDZ [6] −3.5

1.55± 0.41i

CH2 aug-cc-pVDZ [7] −1.7

1.21± 0.09i

H− aug-cc-pV5Z c 1.4± 0.3i

aMaximum order available is MP18
bMaximum order available is MP12
cCalculated using PSI computer package[6]

III. QUADRATIC APPROXIMANT OF THE SECOND KIND

Padé approximants [M/N ] of the second kind to a given function f is a ratio of two

polynomials, P and Q of degrees M and N respectively defined so that P (z) = Q(z)f(z) at

M + N + 1 given points z = z1, z2, . . . , zM+N+1 [4]. In a similar way, we define a quadratic

approximant [L, M, N ] of the second kind as a double-valued function

f[L,M,N ] =
1

2A

[
−B ±

(
B2 − 4AC

)]
, (32)

where A, B and C are polynomials of degrees L, M and N respectively whose coefficients

are determined from the equation

A(z)f 2(z) + B(z)f(z) + C(z) = 0, z = z1, z2, . . . , zL+M+N+2. (33)
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The equation (33) is equivalent to a set of L+M +N +2 linear equations for L+M +N +3

coefficients of the polynomials A, B and C. Since these equations are homogeneous, one of

coefficients could be chosen arbitrary, and remaining L + M + N + 2 coefficients are defined

uniquely (except of a generally unlikely case of zero determinant).

The pre-requisite for calculation of approximants of the second kind is the knowledge

of values of the function for several different values of its argument. For the given case

of the function E(z), its values could be calculated by diagonalization of the FCI matrix.

While diagonalization of FCI matrixes of size M ∼ 1000, 000 is usually performed using

sophisticated Davidson’s algorithm, we were able to diagonalize smaller FCI matrixes up to

size M ∼ 10, 000 using a standard numerical subroutine, which allow us to study several

examples of atoms and molecules with few active electrons and a small FCI basis set.

More specifically, we considered an approximant [2, 1, 0] (which is equivalent to approxi-

mation by an eigenvalue of 2x2 matrix). We calculated the energy E(z) at five equidistant

points z0, z±1 = z0± δ, z±2 = z0± 2δ, where z0 is the central point and δ is the z-increment.

We found that dependence of singularities of the approximant on δ is relatively weak, if δ is

small (smaller than characteristic distance between two neighbouring singularities). There-

fore, we study in more detail the dependence on z0. It is intuitively clear that the singularity

zc could be located more accurately if the reference points z0, z±1, z±2 are chosen as close to

zc as possible. For this reason, we expect that when the estimated singularity z
[2,1,0]
c is so

that Rez
[2,1,0]
c ≈ z0 then the accuracy peaks. Results for the molecule BH in cc-pVDZ basis

set (size of FCI matrix M = 6129) are shown in Figure ??.
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